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1. Preliminaries 
The aim of the present paper is to discuss relations between the geometric quantization of 
a Poisson manifold and that of its symplectic leaves and of its symplectic realizations. In what 
follows, everything is in the C” category. 
Let (M, a) be one of the following types of structures: (a) a differentiable manifold with a 
closed 2-form; (b) a foliated manifold, where, say, 3 is the foliation, with a &-closed cross section 
of A* T*3 (& is the differential along the leaves of 3); (c) a manifold with a Poisson bivector. 
Let (K, h) be a complex Hermitian line bundle of metric h over M, and let V be: a Hermitian 
connection of K in case (a); a partial Hermitian connection along the leaves in case (b) (e.g., [ 121); 
a Hermitian contravariant derivative of K in case (c) [ 17,181. 
Then, we say that (K, h, V) is a (leafwise, in case (b)) quantization triple of (M, @) if 
Curvature of V = -2n&i@. (1.1) 
It is well known that (M, a,) has quantization triples iff @ represents an integral cohomology 
class (the image of the first Chern class of K) in H*(M, Iw) (case (a)), H*(M, Cr$(M, 3)) 
(case (b)), and Hzp (M, @) (case (c)), respectively. See for instance [22] for case (a) and [ 17,181 
for case (c), where HLP is the Poisson-Lichnerowicz cohomology. In case (b), C,z(M, 3) is 
the sheaf of germs of 3-projectable functions. Its cohomology is computable by a leafwise de 
Rham theorem, and there exists a natural projection H*(M, R) + H*(M, Cg(M, 3)) [14, 
Section 5.21. Then, the proof of the integrality condition is as in case (a). 
’ E-mail: i.vaisman@uvm.haifa.ac.il. 
0926-2245/97/$17.00 @1997-Elsevier Science B.V. All rights reserved 
PIISO926-2245(96)00056-3 
266 1. Vuisnzun 
In later sections we will need a folklore type result aboutfoliated vector bundles (e.g., [7]) i.e.. 
vector bundles p : E + (M, fl endowed with an equivalence class of local bases h with 3- 
projectable transition functions. Then E has Bert connections [7], characterized by the parallelism 
of b along piecewise differentiable paths of the leaves of 3. Moreover. all Bott connections 
have the same holonomy along all such paths; we call it the /e&vise holonomy Hol( E, 3). The 
leafwise Bott-parallel E-sections are foliated cross sections, and, since they exist (e.g., h), the 
Bott connections have a leafwise vanishing curvature. 
Proposition 1.1. Letrr : X -+ Y be u submersion with connectedjbers, and let 3 be the,foliation 
ofX by thejibers of n. Let p : E + X be an 3.foliated vector bundle. Then, there exists u vector 
bundle E’ + Y such that n -’ (E’) z E iff Hol( E. 3) = 0 along evec leqf of 3. 
Proof. If E’ exists, E is trivial along the fibers of n hence, Hol( E, 3) = 0. 
For the converse, put E’ = El - where for el , 13 E E 
el - e2 ++ [n(p(el)) = r(p(ed> and e2 = t,(el)l, (1.2) 
t0 being the Bott parallel translation along a path cz in TC-’ (~s(p(e,))). 
On the other hand, since Hol(E, 3) = 0, any local foliated basis b of E extends to a union 
of leaves by Bott parallel translations along these leaves. The extended bases b project to Y and, 
there, the projections define bases for a vector bundle structure E’ -+ Y which has the required 
property. 0 
Remark 1.2. [f the jibers of n are simply connected, Hol( E, 3) is trivial necessarily, und E’ 
e,cists. 
2. Quantizable symplectic leaves 
Let (M, II) be a Poisson manifold which is quantizable by (K, h, D), where D is a Hermitian 
contravariant derivative of K, and let S be a symplectic leaf of l7 (e.g., [ 181). 
Proposition 2.1. Zf(M, l-I> has a cofoliation (!I? such that dim c? = dim M - dim S, and (?I, is 
trunsversal to S, S is quantizable by the pullback of (K, h, 0). 
Proof. By the definition of cofoliations [1X], e is a distribution such that its annihilator Ann e 
is a Lie algebra of l-forms with the bracket defined by l7 (e.g., [ 18, Chapter 41): 
1% PI = &-tB - Ltt,,ir a -- d(n(a, B),. (2.1) 
where #n : T*M + TM is defined by (bncr, h) = II(a, h) ((II, ,D, h E T*M), and L denotes 
Lie derivatives. 
It is clear what we mean by the pullback (K’, h’) of (K, h) to S. To define the pullback V of 
11, we notice that TMls = TS 09 el,. Hence, VX E TS, ICI E T*M, which is unique and such 
that 
X = flpa and a! E Ann (21,. (2.2) 
Geometric quantization of symplectic leaves of Poisson manifolds 
Then, we define 
Vxs = D,s (Vs E r(K)), 
where I(K) is the space of cross sections of K. 
For fields X, Y E TS we have (see [18]) 
1x9 Yl = UJrP, !hBl = !%-I{~, PI, 
where &, b E Ann e, and extend Q, /I to an open subset of M. This leads to 
(Curvature V)(X, Y) = (Curvature D)(cr, /I), 
and V satisfies (1.1). 0 
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(2.3) 
Example 2.2. Let M be a Lie coalgebra 9* endowed with the Lie-Poisson structure A (e.g., [ 181). 
It is known that the Lichnerowicz-Poisson cohomology class of A is zero, hence (s*, A) is 
quantizable by the trivial bundle K = 9* x @ [ 171. The symplectic leaves of A are the coadjoint 
orbits of a connected Lie group G of Lie algebra 9. Suppose that the orbit 0, (~0 E s*) is such 
that, for some Lie subalgebra 9’ of 9, Ann 9’ defines a complementary distribution of T(3, in s* 
(remember that Ts* = 9* x s*). Then 0, is quantizable by the trivial line bundle (3, x @, and 
the induced symplectic form of (3, is exact. Indeed, it follows easily that, if X, Y f 9 are seen 
as l-forms on 9*, {X, Y}* = [X, Y]cJ. In order to check this use, for instance, linear coordinates 
of 9* with respect o the dual of a basis of 9. Then, since 9’ = Ann Ann 5’ is a Lie subalgebra, 
Ann $I’ is a cofoliation, and we may apply Proposition 2.1. We leave to the reader the (easy) task 
of writing down the concrete expression of the quantization connection form with respect o the 
linear coordinates mentioned above. 
Now, for a different result, let (M, II) be a regular Poisson manifold, let S = Sn be its 
symplectic foliation, and let N(S) be a complementary distribution of the tangent distribution 
T(S). Then we have 
Proposition 2.3. If (K, h) is a complex Hermitian line bundle of M, for every Hermitian con- 
travariant derivative D of (K, h), there exist a Hermitian connection V and a vector field 
B E N(S) such that 
D,s = VtfncYs + 2nflcz(B)s ts E r(K)). (2.4) 
The curvature Qv of the connection V satisjies 
Qv(tt% W) = Cg(al, B) + 27GWJU(% B), (2.5) 
where CO is the curvature of D, and cz, ,6 E A’ M. Finally, if (1.1) holds, B is an S-foliated 
vectorjeld. 
Proof. Since TM = T(S) @ N(S), we have T*M = T*(S) @ N*(S), N*(S) = Ann T(S) = 
ker tin, and #n : T*(S) -+ T(S) is an isomorphism. If we put (B, a) = 0 for o! E T*(S) and 
(B, A) = 2X&h(Dib, b) (2.6) 
26X I. Vaismatl 
for h E N*(S), where b is an arbitrary local unit basis of (K, h), B will be a well defined real 
vector field in N(S). Now, put Vyb = 0 for Y E N(S) and 
VXb = D,b for a E T*(S), Cna = X. (2.7) 
and extend V to a covariant derivative of K (which, obviously, is Hermitian). Then it is easy 
to check that (2.4) holds for s = b, by looking at the cases 01 E T*(S), N*(S) successively. 
Therefore, (2.4) holds always. 
Furthermore, (2.5) follows by computing [ 171 
CD(W, B)s = Q&s - D,&s - D1n.bl~> 
via (2.1) and (2.4). The computation is technical. 
Now, let w be the unique 2-form in A* T*(S) such that Il = #nw (of course, #n extends from 
T:“M to /jk T*M). If Co = -2n,/iII(a, /3). (2.5) gives 




whence, if cx E ker #n, V/3 E T’M, we get 
This means LBtr E ker #n, i.e., B preserves ker # n. Since ker fin = Ann S, B also preserves S 
which precisely is the meaning of the fact that B is an S-foliated vector field. q 
Corollary 2.4. Let (M, II) be a regular Poisson manifold which is quantizable by the triple 
(K, h, D) where D is decomposed by (2.4). Let S be a symplectic leaf of l7. Then S is quantizable 
by (K/s, h, 0) iflLglI]s = 0. 
Proof. Look at formula (2.5). Cl 
Example 2.5. Let (M, II) be a quantizable, transversally constant Poisson manifold [ 181. Then 
we may take N(S) such that its foliated sections are infinitesimal automorphisms of Il. From 
the last assertion of Proposition 2.3, it will follow that LglI = 0. Notice that the first Poisson- 
Chern class of K is zero, in this case, since it is represented by - ( 1/2n &i) II, and Il is the 
Lichnerowicz-Poisson coboundary of -B [ 171. 
The Riemannian manifolds (M, g) endowed with a parallel 2-form w are particular cases of 
this example. The metric g is decomposable [g] along the foliation ker w and its orthogonal 
foliation 3, where w induces symplectic structures of the leaves. The Poisson bracket of these 
symplectic structures yield a g-parallel Poisson structure II, of M. On the other hand [ 181, 
Ilg := #gw is also a parallel Poisson structure, whose symplectic leaves are again those of 3, but 
with a different symplectic structure cr. II, and Ilg are compatible Poisson structures (e.g., [18]), 
both these structures are transversally constant Poisson structures with respect to the parallel 
distribution ker w. Hence, if II, (II,) is quantizable, the same is true for all the corresponding 
symplectic leaves. It is also easy to see that, Il, (II,) is quantizable by (K. h, D), iff (M, w) 
((M, a)) is 3-leafwise quantizable by (K, h, V) where D, := V,,. (Just check that (1.1) holds.) 
Geometric quantization of symplectic leaves of Poisson manifolds 
3. Quantizable symplectic realizations 
Let (M, II) be a Poisson manifold. For the formulation of a more general result, we define a 
presymplectic realization of (M, l7) as apresymplectic manifold (V, a) (i.e., u is a closed 2-form 
of constant rank on V and, accordingly, (!! = Ann cr is a foliation called the characteristicfoliation 
(e.g., [9])), endowed with a submersion r : (V, a) + (M, l-l) which satisfies the following 
conditions: (i) e is contained in the tangent spaces of the fibers of r; (ii) Vf, g E Cm(M), 
{f, gin 0 r = {f 0 r, g 0 r),. Condition (ii) makes sense since, in view of (i), f o r, g o r 
are constant along the leaves of t?, and they have a a-Poisson bracket computable along local e- 
transversal submanifolds of V where CT induces a symplectic form [9,16]. If a is nondegenerate, 
we get a symplectic realization. The most famous symplectic realizations are those by (local) 
symplectic groupoids (e.g., [3,1,18]). For simplicity, we will assume that r is surjective and it has 
connected fibers. 
Proposition 3.1. Let r : (V, a) -+ (M, II) be a presymplectic realization, and assume that 
(V, a) is quantizable by a triple (K, h, V) such that the holonomy of V is trivial along paths of 
the$bers of r. Then, the$bers of r are a-isotropic, ll is regular, and (M, ll) is quantizable by 
(K’, h’, D) where K = r-l (K’), h = r*h’ and D is a contravariant derivative of K’ determined 
by V. 
Proof. Since Hol(V, ZQ := {r-‘(x) 1 Vx E M}) = 0, we have 
Qv(X, Y) := (Curvature of V)(X, Y) = 0, VX, Y E TIR, (3.1) 
and the quantizability condition !GZv = -2nz/--i shows that the fibers of r are o-isotropic. 
Then, it follows that the restriction of r to a a-symplectic local transversal submanifold of e is an 
isotropic symplectic realization (i.e., with isotropic fibers) of some (U, II],J) for some open set 
U c M. Hence, Il is regular, since only regular Poisson manifolds may have isotropic realizations 
(e.g., W31). 
Furthermore, (3.1) means that V is a Bott connection of a well defined %-foliated structure of 
the complex line bundle K [7]. Local foliated bases b of K are obtained as follows: for an open 
cubical neighborhood U 5 V, let N 5 U be transversal to %I,-,, and let bN be a unitary basis of 
K 1 N . Then, take b to be the result of the (path independent) V-parallel translation of b 1 N along 
the leaves of x] u. Clearly, the transition between two such bases is constant along the leaves of ZR. 
Now, Proposition 1.1 yields the required complex line bundle K’ of M. 
Since we also have 
x&h, ~2)) = h(Vxsl, ~2) + h(sl, vxs2) = o, (3.2) 
whenever X f TX, and SI s2 are foliated sections of K, the metric h is also Z-foliated, i.e., it 
projects to a metric h’ of K’. 
The possibility of defining the contravariant derivative D of K’ follows from the following 
remark. If X is an r-projectable vector field of V which is a-orthogonal to R, if Y E TCR, and 
s E r(K) is %-foliated, we get 
vyvxs = vxvys - v,x,y,s - !&(X, Y)s = 0 (3.3) 
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hence, Vxs is %-foliated too.. 
Now, for a E T,*M (x E M), put a = d,,.f, f E C”(M), and denote by XT I’ any of the 
vector fields of V which projects to the a-Hamiltonian field of ,f o Y on a local a-symplectic 
transversal submanifold oft?. Two such vector fields differ by a term in e, which does not influence 
what we do next. Clearly, XT,,. is projectable (to X 7) on M, and it is a-orthogonal to IR. Therefore, 
(3.4) 
(where s’ E r(K’) and s E F(K) is projectable to s’) is well defined, independent of f’. and it is 
easy to see that it provides an h’-Hermitian, contravariant derivative of K’. 
Finally, in view of (3.4) and of the fact that r is aPoisson morphism, if V satisfies the quantization 
condition ( 1 . 1 ), so does D. 0 
Remarks 3.2. (a) The conclusion of Proposition 3.1 holds also if, at the beginning. we ask the 
fibers of Y to be a-isotropic and simply connected. Then, 0;20(X, Y) = 0 is implied by the 
quantization condition, and Hol(V, a) = 0 follows from the simply connectedness of the fibers. 
(b) An interesting particular case of Proposition 3.1 is M = VI,:, and II = the Poisson structure 
of the reduced symplectic structure cr’ (a = ~*cr’). Then, D comes from a connection V’ of K’ 
which is pulled back to V by Y. In this case, the converse result i.e.. if (M. (T’) is quantizable by 
(K’, h’, V’) then (V, o) is quantizable by the r-pullback of this triple. also holds obviously. If ci 
is exact, we may take K trivial; this case was studied in [22]. 
(c) In Proposition 3.1, if we replace the trivial holonomy hypothesis by the isotropy of the 
r-fibers, K’ may not exist. But, still, K would be a foliated bundle on V. and we might just use 
r,,,(K), the space of foliated cross sections of K over V, as the quantum phase space of (M, II). 
Moreover, if the connected Lie group G has a Hamiltonian action of momentum J on M, and if 
the Hamiltonian vector fields X7,, (f E C%(M) are complete. the action of G lifts to V with 
momentum J o Y, and we may represent this lift, i.e. G itself, on l?f,,l( K) as in usual geometric 
quantization. This proceedure is a generalized geometric quantization. For instance, an arbitrary 
coadjoint orbit of a Lie group G which has a connected isotropy subgroup Go is the symplectic 
reduction G/Go of an exact presymplectic structure of G [22]. (‘The G/Go-structure of the orbit 
is also induced by the structure of the symplectic groupoid T * G of (9*, A ); see Example 2.2 and, 
e.g., [ 181.) Hence, the orbit is quantizable in this generalized sense. The same orbit is quantizable 
in the usual sense if the trivial holonomy condition of Proposition 3.1 holds [22]. 
Example 3.3. It is known that, if (M. II) is a regular Poisson manifold, the total space N of the 
conormal bundle of the symplectic foliation S n has the nondegenerate 2-form H = rr’ co + d[, 
where 6 is the conormal Liouville jbrm, and w is a 2-form which induces the symplectic structure 
of the leaves of S ([17, Proposition 1.51. [ 18, Theorem 3.81). If d8 = 0. the natural projection 1~ :
N + M is an isotropic symplectic realization and, if N is quantizable, we may use Proposition 3.1. 
For instance, this happens for the parallel Poisson structures P,,,, P, of (M, g) of Example 2.5. 
The result of Proposition 3.1 may also be used to discuss quantizability of a symplectic leaf S 
of an arbitrary Poisson manifold (M, II) via (pre)symplectic realizations Y : (V, CT I -+ (M, l-l). 
For any such realization, the a-orthogonal distribution of the fibers is a foliation If(r-, CT ), and 
a induces a presymplectic structure on every leaf F of If. This was proven by P. Libermann 
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(e.g., [9, Propositions 9.7 and 14.211) if c is a symplectic form hence, this result is true for a 
local symplectic transversal submanifold of C!(o). This local result lifts to (V, a), and, since the 
required properties are of a local character, they are globally true on (V, a). Moreover, locally, 
the leaf S of II is the symplectic reduction of a leaf F of F ([9, Proposition 14.211). If this last 
fact is global, F is a realization of S, and we may discuss quantizability as in Remark 3.2(b). In 
particular, and using the notation above, we get 
Proposition 3.4. Let r : (V, ) o -+ (M, II) be a symplectic realization which also realizes a 
dual Poisson manifold of (M, l7) (e.g., [18]) by r’ : (V, a) + (M’, l-I’>, and suppose that the 
fibers of r and r’ are connected, and have connected intersections; then 3(r, a) consists of the 
r’-fibers. Assume that (V, a) is 3-$berwise quantizable by (K, h, 0) (case (b) of Preliminaries). 
Then, every symplectic leaf S of II is of the form S = r(F) (F = r’-‘(y), y E M’), and if V 
has trivial holonomy along paths of F f’ r-l (x), Vx E M, S is quantizable by a projected triple 
(K’, h’, 0’). 
Proof. Except for the last conclusion, everything is known in the theory of dual pairs of Poisson 
manifolds, and the proofs are those of [9, Proposition 14.211 (see also [ 11). And the conclusion 
about quantization follows from Proposition 3.1. q 
Example 3.5. If (V, a) is a (local) symplectic groupoid which integrates the Poisson manifold 
(M, II) [3,1], and r is its targetprojection we may take as r’ the sourceprojection [ 181, and, under 
suitable connectedness and trivial holonomy hypotheses, we can use Proposition 3.4 in order to 
discuss the quantizability of the symplectic leaves of (M, II). In particular, this method can be 
used to discuss the quantizability of the symplectic leaves of any Poisson-Lie group, since the 
latter is integrable by a (double) symplectic groupoid [lo]. We must say that the role of symplectic 
groupoids in the quantization of the Poisson manifolds is much more important han that, and we 
refer the reader to [21] and [23] for this subject. 
Example 3.6. Let (V, o) be a symplectic manifold with a Hamiltonian action of the connected 
Lie group G, which has the manifold of orbits P = V/G with the natural projection n : V + P, 
and the equivariant momentum J : V + r := .I( V) 5 $Jt* (the Lie coalgebra of G) given by 
a submersion with connected fibers. Then P is a Poisson manifold symplectically realized by 
(V, a) via n, and r is an open Poisson submanifold of ($i*, A := the Lie-Poisson structure of 
s*), symplectically realized by (V, a) via J and dual to P (e.g., [ 181). 
Hence, we may use Proposition 3.4 with r = n, r’ = J or with r = J, r’ = n, and, if (V, a) 
is quantizable by (K, h, V), we deduce: 
(i) Let S be a symplectic leaf of P; then S = n(J-I($)) (6 E r). Assume that < has a 
connected isotropy subgroup Gt & G, and that V has a trivial holonomy along J-‘(t) f? G(y), 
Vy E J-’ (<). Then S is quantizable by a triple which is induced by (K, h , 0). 
(ii) The coadjoint orbit (36 of .$ E r is of the form (3~ = J(G(x)), x E V, and if V has 
no holonomy along G(x) fl J-‘(q), Vy E r, the orbit ‘3, is quantizable by a triple induced by 
(K, h, V). 
The case (i) refers to the quantizability of the reduced phase space of a mechanical system 
with symmetry group. This was studied by Guillemin and Sternberg in [5]. The special situation 
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where V is a cotangent bundle was studied in detail by Gotay [4] for the case GE = G. and by 
Robson [ 131. 
4. Polarizations 
Instead of the definition given in [ 171 or of that of Huebschmann [6], now. we prefer the one 
which we gave in [19], because it seems easier to handle, and, also, is more general. Namely, a 
polarization tP of the Poisson manifold (M, II) is a sheaf of germs of complex valued functions 
on M whose stalks are abelian algebras with respect to the Poisson bracket. For such a sheaf Ip, 
is a polarization in the sense of [17], and then F may be used in quantization as ? was used in 
[ 171 (see also [ 191). 
Furthermore,we shall say that Ip is regular cf rank (k; h) if Vx E M, the stalk Ip, consists 
of germs f(y’, . . . , yh, z’, . . . , zkeh ) where yi are real valued and Z” are complex valued C” 
coordinates on an open neighborhood of X. Then, “up to constants,” Ip may be identified with 
the sheaf Ip’ of germs of cross sections of the subbundle of T*M @ @ which has the local bases 
(dy’, dz”), and defining ? is the same as defining A E TM @@ where Ann A = Ip’. Moreover, it 
is easy to understand that the abelianity of the stalks Ip, is equivalent to the coisotropy of A (which 
means that H(a, B) = 0, Va, /? E Ann A). It is well known that the complex distributions A 
which have Ann A = span{dy’, dz”) as above are the so-called Nirenberg integruhle distributions 
[ 11,15,22], characterized by the fact that A is involutive, and A + A is of constant dimension 
and involutive. Thus, the regular polarizations may be identijied with the coisotropic Nirenberg 
integrable distributions. In fact, the polarizations used for symplectic manifolds are asked to be 
L,agrangian distributions. 
In symplectic geometry, some polarizations come from compatible complex structures. Some- 
thing similar may be done as follows for a Poisson manifold (M. II). A morphism A : TM -+ 
TM will be called a calibration of l-l if Vcr, ,I? E A’ A4 one has 
l-I(a, /!I o A) = -l-I(cr o A, p), l-I((~oA,fioA) = ~-I(c_x./~,. (4.1) 
and the calibration is sign-de$ned if ‘da, not belonging to ker on, Il,(a, (Y o A) (x E M) has a 
constant sign on every symplectic leaf of l-l (a sign which may be different on different leaves). 
The conditions (4.1) imply 
A = -tln(a 0 A), A*(!h4 = -tina, (4.2) 
and it follows easily that A induces compatible almost complex structures of the symplectic leaves 
of Il, which are either positive or negative in the sign-defined case. 
Furthermore, the calibration A will be integrable if its restrictions to the symplectic leaves are 
complex structures. (Then, any leaf where A is sign-defined positive is a Kahler manifold with 
the metric induced by the contravariant symmetric tensor field G(a, p) = Il(o. ,8 cl A).) The 
integrability condition is equivalent to the annulation of the Nijenhuis tensor of A on the leaves 
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and, in view of (4.2), this condition is equivalent o 
{CX o A, t3 o A} - {a, p o A} 0 A - 1~ 0 A, PI 0 A - {a, B) E ker IIn7 (4.3) 
Proposition 4.1. Ifthe Poisson manifold (M, l-I> has an integrable calibration A, the sheaf IPA 
of germs offunctions f on M such that the pullback of df o A - fl df to the symplectic leaves 
is zero is a polarization of (M, II). Zf l7 is regular, ‘3’~ is associated with the distribution of spaces 
of complex type (0, 1) along the leaves. 
Proof. With (4.1) and since the Hamiltonian vector fields Xf” are tangent o the symplectic leaves, 
we get Vf, g E CPA 
n(df, dg 0 A) = (dg 0 A)(X:) = 2/--l]f, g] 
= -l-I(df o A, dg) = (df o A)(X;) = -l/--i{f, g}. 
Hence {f, g} = 0 as required for a polarization. The last assertion follows from the fact that the 
germs of 9’~ restrict to germs of A-complex analytical functions on the symplectic leaves of Il. 
0 
Example 4.2. Every regular Poisson manifold (M, Il) has positive (not necessarily integrable) 
calibrations A. It suffices to take A ( s,, = a positive almost complex structure compatible with the 
symplectic structure of the vector bundle T Sn, and A = 0 on a complementary distribution. Then, 
we also have A3 + A = 0 (e.g., see [24,2]). An easy nonregular example is (M = S x R, Il = 
tl7,), where t E IF? and l7.s is a symplectic structure of S (the Heisenberg manifold [20]). Then, 
if Js is a positive calibration of S, A = Js @ 0 and A = Js G3 Id are positive calibrations of M. 
Proposition 4.3. Let q~ : (MI, l7,) --+ (M2, ll,) be a Poisson mapping. 
(i) Any polarization 3’2 of &I2 can be pulled back to a polarization 3’1 of MI and, if 9 is 
surjective, any ‘3’1 can be pushed forward to some (possibly 0) Ipz. 
(ii) If q is also a submersion, then, if ?‘2 is regular, its pullback ip1 is regular: Conversely, if PI 
is regular and its germs are constant along the p-fibers, its pushforward P2 is also regular 
Proof. We define the pullback of a given & by 
Pr = {germs g 0 9 I gem g E P21, 
and the pushforward of a given P1 by 
(4.4) 
P2 = {gems g E C”(M2) I g o v E fp~ 1, (4.5) 
Since 40 is a Poisson mapping, the Poisson brackets vanish as required in the stalks of (4.4) 
and (4.5). 
(ii) If 9’2 is regular, it is defined by a coisotropic Nirenberg integrable distribution A2. As 
for usual foliations, if p is a submersion, it pulls back A2 to a coisotropic, Nirenberg integrable 
distribution A 1 of MI, which defines ‘J’r of (4.4), and contains the tangent spaces of the fibers of 
40. Hence, PI is regular. 
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For the final assertion, the hypotheses on Ip, tell us that the latter is defined by A 1 as above 
which includes the tangent spaces of the foliation 3 of Ml by the q-fibers. Moreover, since 
A, is involutive, VY E T3, VZ E A,. [Y, Z] E A,, and this ensures that A, projects 
b,y 40 to a Nirenberg integrable, coisotropic distribution A2 of MI which defines ?? of (4.5). 
The required properties of A2 follow easily by using local coordinates (F’. ?. ?, J”) where 
Ann A 1 = span {dy’ , dz” } as indicated in the definition of a regular polarization or in [ 1 1, IS]. 
Cl 
Remark 4.4. Let (V. o) be a presymplectic manifold with the characteristic foliation e = 
Ann m. Then, we may define a polarization CP of (V, a) its in the Poisson case but. with the 
supplementary condition that the germs of ip are C-projectable. Then, regular polarizutions may 
be defined as Ip = {germs f / df E Ann A} where A is a Nirenberg integrable coisotropic 
distribution on V. (Here, coisotropic means that A includes its a-orthogonal spaces and. in 
particular, A includes TC.) As in the last part of the proof of Proposition 4.3. we see that A. and 
the regular polarization Ip, project to the symplectic reduction of (V, a). if the latter exists. This 
is also proven in [22]. 
The reader will see by himself how this remark could be used for a symplectic leaf S of a 
Poisson manifold if the quantization tripie of S is obtained as in Proposition 3.4. 
Generally, for a symplectic leaf we also have 
Proposition 4.5. Let (M, II) he a Poisson mangold, and 3’ a polarization of it. Then Y pulls buck 
to a polarization ips qf the symplertic leaves qf l-I. [f 3 is regular with the associated roisotropic. 
Nirenherg integrable distribution A, and iffor Some symplectic leaf S one has codim ,y (T Sn A) = 
codimM A. then Ips is regular ctith the associated distribution A’ = T S f3 A. 
F’roof. ip,s exists since the inclusion of S in M is a Poisson mapping (Proposition 4.4). Then. let 
A be locally defined by dy’ = 0, d:” = 0 (as at the end of the proof of Proposition 4.4). A’ also 
satisfies these equations, and the codimension hypothesis shows that (J”, F,“) 1.7 are functionally 
independent local coordinates on S. 0 
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